
Kernelized Wasserstein Natural Gradient

Michael Arbel 1 Arthur Gretton 1 Wuchen Li 2 Guido Montufar 2,3

1Gatsby Computational Neuroscience Unit, UCL, London

2University of California, Los Angeles

3Max Planck Institute for Mathematics in the Sciences, Leipzig

April 8, 2020



KWNG: A natural gradient optimizer with built in Optimal Transport Geometry.
X Approximately Invariant to re-parametrization
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KWNG: A natural gradient optimizer with built in Optimal Transport Geometry.

X Approximately invariant to re-parametrization
X Fast and scalable

M basis points

Batch of size N

d

Model with p parameters

M + 1 Backpropagations
KWNG

Memory: O(Mp +M2)
Time: O((M + 1)× cost(Backprop) +M3)


 A




−1

M×M




v1
v2
...
vM


 =




δ1
δ2
...
δM






KWNG: A natural gradient optimizer with built in Optimal Transport Geometry.

X Approximately invariant to re-parametrization
X Fast and scalable
X Can be used as a drop-in optimizer

from kwng import KWNG, KWNGWrapper
from gaussian import Gaussian
kernel = Gaussian()
KWNGEstimator = KWNG (kernel,

num_basis= 10,
eps= 1e-4 )

w_optimizer = KWNGWrapper(optimizer,
criterion,
net,
KWNGEstimator)

loss,pred = w_optimizer.step(inputs, targets)



Motivation

I Learning problem: θ∗ = arg minθ L(pθ)

I Update equation: θk+1 = θk + λDk

Dk = arg min
u
∇θL(pθk)
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I Different re-parametrization: ψ = s(θ)



Fisher Natural Gradient

I Learning problem: θ∗ = arg minθ L(pθ)

I Update equation: θk+1 = θk + λDk

Dk = arg min
u
∇θL(pθk)

>u +
1
2

u>GF(θk)u︸ ︷︷ ︸
≈

KL(pθk ||pθk+u)

I Fisher information matrix: GF(θ)

Pros:

I Invariant to parametrization

Cons:

I Not scalable, but efficient approximations exist:
[Martens and Grosse, 2015, Grosse and Martens, 2016]

I Requires the density of pθ to be well defined.



Wasserstein Natural Gradient

I Learning problem: θ∗ = arg minθ L(pθ)

I Update equation: θk+1 = θk + λDk

Dk = arg min
u
∇θL(pθk)

>u +
1
2

u>GW(θk)u︸ ︷︷ ︸
≈

W2
2(pθk , pθk+u)

I Wasserstein information matrix: GW(θ)

Pros:

I Invariant to parametrization

I Works with implicit model

I Scalable approximation

Cons:

I Not scalable

I Requires the density of pθ to be well defined.



The Wasserstein Information Matrix
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The Wasserstein Information Matrix
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Saddle-point formulation

min
u
∇θL(pθ)>u +

1
2

u>GW(θ)u
ww�

min
u

sup
f∈HM

∇θL(pθ)>u +∇θEpθ [f (X)]> u− 1
2
Epθ

[
‖∇f (X)‖2

]

I HM contains functions of the form:

f (x) =
M∑

m=1

αmφm(x)

I Optimal f ? obtained by solving a quadratic problem of size M in (α1, ..., αM)
I Wasserstein natural descent direction:

D̂k = −
1
ε

(
∇θL(pθk) +∇θEpθk

[f ?(X)]
)
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Saddle-point formulation
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How small M can be and still be sure it works?

I Need fewer basis points M
than data points N

M ≈
√

N

I Relative error decreases
with more data (N → +∞)

Rerror ∼
1

N
1
4

Gaussian Model
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Conclusion

KWNG: A natural gradient optimizer with built in Optimal Transport Geometry.

X Approximately invariant to re-parametrization
X Fast and scalable
X Can be used as a drop-in optimizer
X Comes with statistical guarantees

Code:
https://github.com/MichaelArbel/KWNG

Thank you !
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