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Overview

I Problem considered: Transporting mass from an initial
distribution ν0 to a target distribution ν∗, by finding a
continuous path νt decreasing a loss F(νt).

=⇒Wasserstein Gradient flows over the space of
distributions

I Applications:
I Convergence properties of neural networks with infinite

width.
I "Sampling": Data summarization

I This work :
I Particular functional F(ν) = MMD2(ν, ν∗).
I Investigate the global convergence of the Wasserstein

gradient flow of the MMD.
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I Motivation

I Wasserstein gradient flow of the MMD
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Motivation: Optimization of neural networks
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I Hard to describe the
dynamics of GD!
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Motivation: Optimization of infinite width neural
networks

min
Z1,...,ZN∈Z
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Motivation: Optimization of infinite width neural
networks

min
ν∈P
L(ν) := E(x ,y)[‖y − EZ∼ν [φZ (x)]‖2]

I Global Convergence of GD when N →∞ 1 and:

φZ (x) = wgθ(x), Z = (w , θ)

I In this work, interested in more general forms for φZ (x).
I Connexion to the MMD :

I Well-defined setting: y = EU∼ν∗ [φU(x)]
I Random feature formulation:

L(ν) = Ex

[
‖EU∼ν∗ [φU(x)]− EZ∼ν [φZ (x)]‖2

]
= MMD2(ν, ν?)

I MMD with kernel k(U,Z ) = Ex [φU(x)>φZ (x)]

1[Rotskoff and Vanden-Eijnden, 2018, Chizat and Bach, 2018]
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The Maximum Mean Discrepancy [Gretton et al., 2012]

Consider samples from two distributions ν∗ and ν0.

Um ∼ ν∗ Z n ∼ ν0
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Gradient flows - Euclidean setting

I (Zt)t≥0 is a gradient flow of a differentiable function
F : Rd → R if it satisfies:

dZt

dt
= −∇F (Zt), Z0 = z0

I Given z0, Zt is unique and well defined under mild
conditions on F (Cauchy-Lipschitz thm).

I The gradient ∇F (z) is defined w.r.t Euclidean metric:

∇F (z)>u := gz(∇F (z),u) = dFz(u).

I Euclidean distance as a geodesic distance:

‖Z − Z ′‖2 = inf
(vt ,zt )0≤t≤1

∫ 1

0
gzt (vt , vt)dt
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Gradient flows on the space of distributions

I For a functional F on probability space, a gradient flow
formally looks like

dνt

dt
= −∇F(νt), ν0.

I Need a suitable metric to give a meaning for ∇F(νt).



Wasserstein-2 metric [Benamou and Brenier, 2000, Otto, 2001]

I Wasserstein-2 distance:

W 2
2 (ν, µ) = inf

πΠ(ν,µ)
E(Z ,Z ′)∼π[‖Z − Z ′‖2].

I The Wasserstein distance as a geodesic distance2

W 2
2 (ν, µ) := inf

(ρt ,ft )

∫ 1

0

∫
‖∇ft(x)‖2 dρt(x)dt ,

∂tρt + div(ρt∇ft) = 0

I Wasserstein metric:

gν(δ, δ) :=
∫
‖∇f (x)‖2 dν(x), δ + div(ν∇f ) = 0.

2[Benamou and Brenier, 2000]
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Wasserstein-2 gradient [Otto, 2001, Ambrosio et al., 2004]

I Wasserstein metric:

gν(δ, δ) :=
∫
‖∇f (x)‖2 dν(x), δ + div(ν∇f ) = 0.

I First variation of a functional along direction δ:

dLν(δ) = lim
ε→0

1
ε
(L(ν + εδ)− L(ν)) :=

∫
∂L
∂ν

(ν)(z)dδ(z).

I Under mild condition on ν and δ there exists a vector field
∇fδ satisfying:

δ + div(ν∇fδ) = 0

I Wasserstein-2 gradient of F obtained by integration by
part:

dLν(δ) =
∫
∇∂L
∂ν

(ν)>∇fδdν = gν(∇W2L, δ)

∇W2L(ν) := −div(ν∇∂L
∂ν

(ν))
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Wasserstein-2 gradient flow of the MMD
I First variation of the MMD:

∂MMD2

∂ν
(ν)(z) := fν∗,ν(z) = 2 (EU∼ν∗ [k(U, z)]− EU∼ν [k(U, z)])

I Gradient flow of the MMD:

∂tνt = div(νt∇fν∗,νt )

I Equivalent to a Stochastic Differential Equation: Mc-Kean
Vlasov dynamics

dZt

dt
= −∇Zt fν∗,νt (Zt), Zt ∼ νt

I Discrete-time version:

Zt+1 = Zt − γ∇Zt fν?,νt (Zt), Ztνt
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Wasserstein-2 gradient flow of the MMD



Global convergence: First strategy

Displacement convexity:
I A geodesic ρt between ρ0 and ρ1 is given by optimal

coupling π?:

Xt ∼ ρt ⇐⇒ Xt = (1t)X0 + tX1 (X0,X1) ∼ π?

I A functional F is displacement convex if:

F(ρt) ≤ (1− t)F(ρ0) + tF(ρ1)

I Unfortunately the MMD is not displacement convex in
general.



Global convergence: Second Strategy

Dissipation inequalities:
I Rate by which F decreases along the gradient flow:

dF(νt)

dt
= −Eνt [‖∇fν?,νt‖

2]

I Assumption: Controlling the dissipation rate: (general
Lojasiewicz inequality)

F(ν) ≤ CEν [‖∇fν?,ν‖2]

I Combining both equations and using Gronwall lemma:

F(νt) ≤
1

F(ν0)−1 + 2C−1t

I Does the Lojasiewicz inequality hold for the MMD?
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Lojasiewicz-type inequality for the MMD

I Find C > 0 such that:

F(ν) ≤ CEν [‖∇fν?,ν‖2]

I By Cauchy-Schwartz inequality in the RKHS space:

MMD2(νt , ν
?) ≤ S(ν∗|νt)Eν [‖∇fν?,ν‖2]

I S(ν∗|νt) is the Negative Sobolev divergence:

S(ν∗|νt) = sup
g,EZ∼νt [‖∇g(Z )‖2]≤1

|EZ∼νt [g(Z )]− EU∼ν∗ [g(U)]|

I Lojasiewicz inequality holds when S(ν∗|νt) remains
bounded by C > 0

I Depends on the whole sequence νt : Hard to verify in
general
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See animation at
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Convergence: Failure case

Some observations:
I Almost all (blue) particles tend to collapse on 1 point at the

center of mass m of the target ν?, i.e.: (νt ' δm)
I Some (blue) particles seem to escape towards infinity.
I However, the loss stops decreasing: ∇fν?,νt (z) ' 0 for z on

the support of νt ( which is tiny νt ≈ δm !! )
I However, in general, ∇fν?,νt (z) 6= 0 outside the support of
νt . Can this fact be used somehow to improve
convergence ?



Improving empirical convergence: Noise Injection

I Idea: Evaluate ∇fν∗,νt outside of the support of νt to get a
better signal!

I Sample ut ∼ N (0,1) and βt is the noise level:

Zt+1 = Zt − γ∇ft(Zt + βtut); Zt ∼ νt

I Similar to continuation methods 3, but extended to
interacting particles.

I Different from entropic regularization4

Zt+1 = Zt − γ∇fν∗,νt (Zt) + βtut

3[Chaudhari et al., 2017, Hazan et al., 2016]
4[Mei et al., 2018]
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Noise Injection: Experiments

Methods:
I SGD (Approximates the MMD flow )
I SGD + Noise injection
I SGD + diffusion
I KSD 6: SGD using the Negative Sobolev distance
ν 7→ S(ν∗|ν) as a loss function: also minimizes the MMD.

6[Mroueh et al., 2019]
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Conclusion

Contributions:
I Provided a convergence criterion for the Wasserstein

gradient descent.
I Proposed an extension to the noise injection algorithm for

interacting particles and showed it effectiveness on simple
examples.

Future work:
I A criterion for convergence that is independent from the

whole optimization trajectory.
I Stronger guarantees for the convergence of the noise

injection algorithm.



Thank you!
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Noise Injection: Theory
Tradeoff for βt

I Large βt : µt+1 not a descent direction anymore:
MMD2(ν∗, µt+1) > MMD2(ν∗, µt)

I Small βt : Back to the failure mode: ∇ft(Xt + βtut) ' 0.
Need βt such that:

MMD2(ν∗, µt+1)−MMD2(ν∗, µt) ≤ CγE Xt∼µt
Ut∼N (0,1)

[‖∇ft(Xt + βtUt)‖2]

and:
t∑
i

β2
i →∞

Then

MMD2(ν∗, νt) ≤ MMD2(ν∗, ν0)e−Cγ
∑t

i β
2
i
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