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Theory: Global convergence

_Overview I Maximum Mean Discrepancy (MMD)

General setting: : : TR TR - - "
e o - - - The_ MMD s a distance between probability distributions defined using a positive 1. Criterion for convergence of the gradient flow: Negative Sobolev Distance:
v" Non-convex optimization in probability space with the Maximum Mean Discrepancy| cemi-definite kernel k (4]
as a cost function. 1 , 1 , 1 , S(ive) = sup  Ezog(Z)] —Ezwlg(Z)]
v Interested in Gradient descent dynamics in the limit of large samples N — oc. §MMD/<(V V) = 5 Lz zwk(Z, Z7)] = 445:5*[/‘(27 U)] + 5 Ly, v k(U U)] Hg;ﬁ((:)“)él
Goals: } . -
¥ ga.ts on for elobal € oradient d ¢ when N ec infinit v Easy to estimate from samples: v Can be interpreted as the energy relative to a Assume that 5(v*|r;) < C for all t, and that k is a characteristic kernel, then v
Eron .or 51004 converg.enc_-e ? g.ra |en. eSEET WHER TE approaches iy S potential function f,-, = %%MMD,%(V*, V) converges weakly towards v*. Moreover:
v New algorithm based on noise-injection to improve convergence. e sl , , 1
v Application 1: Optimization of neural networks. .y fi(2) = Bz k(Z, )] — By k(U, 2)] MMD*(v*, )" < MMD?(v*, vp) + 4y C—1t
v Application 2: Criterion to characterise convergence in Implicit Generative models. Bl k(= m) k(o 52 ) “’.-/ Ve O Criterion for convergence of the noise injection algorithm:
-t v f. " z'/. e Decreasing direction:
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Motivation 1: Gradient Descent dynamlcs In neural %Um V. .0 ¢ «”’ e “'.Zn U 4’)/253MMD2(V*,VIL) <E 7., [|‘ny*,yt(z‘|‘ﬁtw)‘|2]
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Easier to characterize the gradient descent dynamics in the Mean-field limit |3, 7] ) . * .. , <« . o Large noise: > i, 32 — o0
: g7 00 G2 °* o Then for some constant L:
D Vo (Z) " R
MMD-(v*, v;) < MMD(v", vg)e™ ™7 V275 &m0

Discrete ti?e: . Vi @), Z EXperimentaI Comparison
t+1 = L — V Ve \ &)y L4 ™~ 1 . . M N
ly 0 Student-Teacher networks: minz: 7w Egara[|| 5 Yo meq Qum(X) — 45 > onq @20(X) )]
Continuous time: 100 Training error per second Test error per epoch
dZ, = — Vfu*,z/t(zt)a Zy~ U,

" Mc-Kean Vlasov Dynamics
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Continuity equation: II
o, = div(v, Vi, )
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In the well-specified case, i.e.: Equa|y|x] = Eyw|du(x)], equivalent to minimizing vt 2 t 107 — :gg + 2_‘;}59_'” ction
the MMD with a random feature kernel k: @ Equivalent to Gradient descent when v, restricted to the form: = %22\/21 0zn. Lo Lo + crston
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i MMDi(v*, v), k(Z,2') = Egara| 92(x) ¢ 2/(x)] o Stationarity distribution v satisfies: Bz, [[[Vfy-.(Z)]I7] =0 1 101 102 103  10*  10° 0 2x103 4x103 6x103 8x103 104
Time (s) Epochs
Noise injection (NI) Sensitivity to noise (Test error)

@ Kernel estimated on mini-batch of
data:

K(Z,Z') = 5301 02(x%) 02(x").
e Update rules for AZ := 2 | — Z":

Motivation 2: Implicit Generative models

@ Evaluate V-, outside of the support of v;
@ Good performance for Implicit generative models using the MMD as a loss [5, 2, 1]. 2 Zo— A E o (Zet B, Zo o ve, Wy ~ N(0.1) o1
t+1 — &t — V¥ v\ &t tVVt), t Y Uty VWV 7Y ;

@ Hard to characterize global convergence.
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A Non Parametric
Z(v,) = MMD*(v*,v,) N =2 —yV,. L)

@ Easier to analyse the non-parametric setting.
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