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Overview
General setting:

XNon-convex optimization in probability space with the Maximum Mean Discrepancy
as a cost function.

X Interested in Gradient descent dynamics in the limit of large samples N →∞.

Goals:

XCriterion for global convergence of gradient descent when N approaches infinity.

XNew algorithm based on noise-injection to improve convergence.

XApplication 1: Optimization of neural networks.

XApplication 2: Criterion to characterise convergence in Implicit Generative models.

Motivation 1: Gradient Descent dynamics in neural
networks

Easier to characterize the gradient descent dynamics in the Mean-field limit [3, 7]

In the well-specified case, i.e.: Edata[y |x ] = EU∼ν∗[φU(x)], equivalent to minimizing
the MMD with a random feature kernel k :

min
ν∈P

MMD2
k(ν∗, ν), k(Z ,Z ′) = Edata[φZ(x)>φZ ′(x)]

Motivation 2: Implicit Generative models

Good performance for Implicit generative models using the MMD as a loss [5, 2, 1].

Hard to characterize global convergence.

Easier to analyse the non-parametric setting.

Maximum Mean Discrepancy (MMD)

The MMD is a distance between probability distributions defined using a positive
semi-definite kernel k [4]:
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2
MMD2

k(ν∗, ν) =
1

2
EZ ,Z ′∼ν[k(Z ,Z ′)]− E Z∼ν

U∼ν∗
[k(Z ,U)] +

1

2
EU ,U ′∼ν∗[k(U ,U ′)]

X Easy to estimate from samples: XCan be interpreted as the energy relative to a
potential function fν∗,ν := δ

δν
1
2MMD2

k(ν∗, ν)

fν∗,ν(z) = EZ∼ν[k(Z , z)]− EU∼ν∗[k(U , z)]

Gradient Flow of the MMD

Equivalent to Gradient descent when νt restricted to the form: = 1
N

∑N
n=1 δZ n

t
.

Stationarity distribution ν∞ satisfies: EZ∼ν∞[‖∇fν∗,ν∞(Z )‖2] = 0

Noise injection (NI)

Evaluate ∇fν∗,νt outside of the support of νt

Zt+1 = Zt − γ∇fν∗,νt(Zt + βtWt), Zt ∼ νt,Wt ∼ N (0, 1)

Gradient Descent
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Theory: Global convergence

1. Criterion for convergence of the gradient flow: Negative Sobolev Distance:

S(ν∗|νt) := sup
g∈L∈(νt)
‖∇g‖L2(νt)≤1

EZ∼ν∗[g(Z )]− EZ∼νt[g(Z )]

Assume that S(ν∗|νt) ≤ C for all t, and that k is a characteristic kernel, then νt
converges weakly towards ν∗. Moreover:

MMD2(ν∗, νt)
2 ≤ 1

MMD2(ν∗, ν0) + 4γC−1t

2. Criterion for convergence of the noise injection algorithm:

Decreasing direction:

4γ2β2
tMMD2(ν∗, νt) ≤ E Z∼νt

W∼N (0,1)
[‖∇fν∗,νt(Z + βtW )‖2]

Large noise:
∑t

i=0 β
2
i →∞

Then for some constant L:

MMD2(ν∗, νt) ≤ MMD(ν∗, ν0)e−4γ2(1−3γL)
∑t

i=0 β
2
i

Experimental Comparison

Student-Teacher networks: minZ 1,...,ZN Edata[‖ 1
M

∑M
m=1 φUm(x)− 1

M

∑N
n=1 φZ n(x)‖2]
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Kernel estimated on mini-batch of
data:
k̂(Z ,Z ′) = 1

B

∑B
b=1 φZ(xb)>φZ ′(x

b).

Update rules for ∆Z n
t := Z n

t+1 − Z n
t :

SGD: −∇f̂ν∗,νt(Z n
t )

SGD+NI : −∇f̂ν∗,νt(Z n
t + βtW

n
t )

SGD+Diffusion: −∇f̂ν∗,νt(Z n
t ) + βtW

n
t

KSD [6] : −Ĉ−1
t ∇f̂ν∗,νt(Z n

t )
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